Abstract. We construct a Gelfand type representation of a real noncommutative Banach algebra A satisfying f 2 = f 2 , for all f ∈ A.
Introduction
A uniform algebra A is a Banach algebra such that (1.1)
The commutative, complex uniform algebras constitute the most classical class of Banach algebras, one which has been intensely studied for decades. It is well known that any such algebra is isometrically isomorphic with a subalgebra of C C (X), the algebra of all continuous complex-valued functions defined on a compact set X and equipped with the sup-norm topology. Hirschfeld andŻelazko [6] proved that the assumption that the algebra is commutative is superfluous-commutativity already follows from (1.1). Algebras of analytic functions serve as standard examples of complex uniform algebras.
Commutative, real uniform algebras have also been studied for years [9] . Any such algebra A is isometrically isomorphic with a real subalgebra of C C (X) for some compact set X; furthermore, X can often be divided into three parts X 1 , X 2 , and X 3 such that A |X 1 is a complex uniform algebra, A |X 2 consists of complex conjugates of the functions from A |X 1 , and A |X 3 is equal to C R (X 3 ). Any commutative, real uniform algebra can be naturally identified with a real subalgebra of
where τ : X → X is a surjective homeomorphism with τ 2 = id X . In the case of real uniform algebras the condition (1.1) no longer implies commutativity; the four-dimensional algebra of quaternions serves as the simplest counterexample.
There has been very little study of noncommutative real uniform algebras. Only recently it was proved [1] that any such algebra is isomorphic with a real subalgebra of C H (X), the algebra of all continuous functions defined on a compact set X and taking values in the field H of quaternions.
There is no simple theory of analytic functions of quaternion variables. The standard definition
is not useful since only linear functions are differentiable (there is an interesting alternative approach to differentiability of such functions, see for example [10, 12] , but that approach is however not applicable for our purpose). Hence there is no obvious example of a noncommutative real uniform algebra other than the direct sum of the entire algebra C H (X) and a commutative real uniform algebra. We prove here that in fact there is no nontrivial example and any such algebra is roughly equal to such a direct sum; we also obtain a Gelfand type representation of such algebras analogous to C C (X, τ ). All algebras are assumed to contain a unit.
The results
We first need an easily verifiable elementary description of isomorphisms of the four-dimensional real algebra H.
Proposition 1. A surjective map T : H → H is linear (over the field of real numbers) and multiplicative if and only if
where M is an isometry of 3-dimensional Euclidean space R 3 preserving the orientation of that space. The space of all such maps forms a 3-dimensional compact connected group, which we will denote by M.
We should also notice that if A is a real algebra and F : A → H is a multiplicative functional such that dim (F (A)) = 2, then F (A) is isomorphic with C and the set {T • F : T ∈ M} can be identified with the unit sphere in R 3 . Indeed to define an isometry T on F (A) we just have to decide which unit vector of the form bi+cj +dk is to be the image of the imaginary unit of F (A) .
Definition 1.
We say that A ⊂ C (X) separates the points of X if for any x 1 , x 2 ∈ X there is f ∈ A such that f (x 1 ) = f (x 2 ). We say that A ⊂ C (X) strongly separates the points of X if for any
Definition 2.
A real algebra A is fully noncommutative if any nonzero linear and multiplicative functional F : A → H is surjective.
Notice that A is not fully noncommutative iff {F (a) : a ∈ A} is isomorphic with R or with C for some H-valued multiplicative functional F on A. Definition 3. Let Φ : M → Hom (X) : Φ (T ) = Φ T be a homomorphism of the group M onto a group of homeomorphisms of a compact set X. We define
For a commutative real or complex uniform algebra A the standard way to represent A as a subalgebra of C C (X) is to consider the space X = M (A) of all complex-valued linear-multiplicative functionals and use the Gelfand transformation:
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For a real algebra A and for any x ∈ M (A), also the complex conjugatex = τ (x) of x is an element of M (A), hence the representation of A as a subalgebra of C C (X, τ ). An important feature of such a representation is that ∧ maps the set of invertible elements of A exactly onto the subset ofÂ consisting of functions that do not vanish on X. We will construct a similar representation for a noncommutative uniform algebra.
Theorem 1. Assume A is a real uniform algebra. Then there is a compact set X and an isomorphism Φ : M → Hom (X) such that A is isometrically isomorphic with a subalgebraÂ of C H (X, Φ). Furthermore a ∈ A is invertible if and only if the corresponding elementâ ∈Â does not vanish on X.
If A is fully noncommutative, thenÂ = C H (X, Φ) .
We have obvious candidates for X, Φ, and the map ∧ :
It is clear that the map ∧ is a homomorphism of A into C H (X, Φ). We need to show that it is an isometry, that it preserves the set of noninvertible elements, and thatÂ = C H (X, Φ) in the fully noncommutative case. So without loss of generality we may assume that A is separable, or equivalently countably generated.
Before proving the theorem it will be useful to notice that for x ∈ X we may encounter exactly three distinct cases: the set {T • x : T ∈ M} may be • equal to the singleton {x} if x (A) = R, or • homeomorphic with the unit sphere in R 3 if x (A) is a 2-dimensional commutative subalgebra of H isomorphic with C, or • homeomorphic with M if x (A) = H.
Consequently the set M H (A) can be divided into three parts X 1 , X 2 , X 3 :
• X 1 = {x ∈ X : T • x = x for all T ∈ M} = {x ∈ X : x (A) = R}; that set is equal to the subset of X consisting of the points where all the functions fromÂ are real valued; • X 2 = {x ∈ X : dim x (A) = 2}; that set is a union of disjoint copies of the unit sphere in R 3 , and the algebraÂ restricted to X 1 ∪ X 2 is commutative; • X 3 = {x ∈ X : x (A) = H}; that set is a union of disjoint copies of M and the algebraÂ restricted to X 3 is fully noncommutative.
That is analogous to the commutative case when a real-linear multiplicative functional x takes only real values if τ (x) = x, or takes all complex values if τ (x) = x and the set M (A) can be divided into just two parts.
Put
We prove the theorem in several short steps; the steps also provide a much more detailed description of the representation of A:
(1) the map ∧ defined by (2.3) is injective and A is semisimple;
; furthermore a = â for any a ∈ A R ; (3) X 1 ∪ X 2 is a weak peak set forÂ, so any function fromÂ
f ∈Â has a norm-preserving extension to a
(6) the map ∧ is an isometry andÂ |X 1 ∪X 2 is a complete algebra; (7) any noninvertible element of A is contained in a kernel of a functional from M H (A);Â = C H (X, Φ) if A is fully noncommutative. The first part follows from Theorem 3 of [1] . We provide an independent proof here for completeness. We will need the following special case of the main result of [2] . Proof. Part 1. Since the commutant C π is a normed real division algebra ( [3] , p. 127) it is isomorphic with R, C, or H. Let X be the set of all irreducible representations of A; for x ∈ X and a ∈ A putâ (x) = x (a) ∈ H. The map ∧ is an isomorphism of A into the algebra of H-valued functions on X. Let σ be the strongest topology on X such that all the functionsâ, a ∈ A are continuous. Assume (X, σ) is not compact and let x 0 be a point from βX\X; the operator A a →â (x 0 ) ∈ H is an irreducible representation on A, so x 0 ∈ X, a contradiction.
To show that ∧ is injective we need to show that for any 0 = a ∈ A there is an irreducible representation π with π (a) = 0. Fix 0 = a ∈ A and let A a be the closed subalgebra of A generated by all the elements of the form q (a), where q is a rational function with real coefficients and with poles outside the spectrum of a. Notice that A a is a commutative uniform algebra such that radA a = {0} . If 
For arbitrary quaternions w
so R contains only real-valued functions. Let ∼ be an equivalence relation on X defined by
let X 0 = X /∼ be the quotient space, and let π : X → X 0 be the natural projection. For x ∈ X there is a function in R not vanishing at x if and only if x ∈ X 3 ; furthermore on X 3 we have x 1 ∼ x 2 if and only if ker x 1 = ker x 2 , or equivalently if and only if {T • x 1 : T ∈ M} = {T • x 2 : T ∈ M}. By the Stone-Weierstrass TheoremÂ R can be identified with a dense subset of C R (X 0 ). We shall show that in fact it is equal to the entire C R (X 0 ). A R is a commutative real uniform algebra, so it is isometric with a closed subalgebra of C R (M (A R )); X 0 can be naturally identified with a closed subset of M (A R ) . Assume X 0 = M (A R ), and let y 0 ∈ M (A R ) \X 0 . Since M (A R ) is equipped with the weak * topology, there are a 1 , ..., a n ∈ A R such thatâ 1 (y 0 ) = ... n ∈ A R is strictly positive on X 0 = X /∼ , and since A is semisimple, a 0 is an invertible element of A R ⊂ A contrary to the fact that it is in the kernel of the functional y 0 . The contradiction shows that X 0 = M (A R ) and consequently A R = C R (X 0 ). Assume there is a ∈ A R such that a = 1 > â . Since â n → 0 while a n = 1 it follows that the range of ∧ is not complete; that contradiction shows that ∧ is an isometry on A R . Part 3. We recall that a subset K of the maximal ideal space of a function algebra is called a weak peak set iff for any open neighborhood U of K there is a function f in that algebra such that
,|â|} is constant on the sets {T • x : T ∈ M} for x ∈ X 3 as well as on the set
,|â|} ∈Â; that function coincides witĥ a on X 1 ∪ X 2 and has norm 1. It is important to notice for further reference that since ∧ is an isometry on A R we have a ·
so not only is a · 1 max{1,|a|} a norm-preserving extension of a with respect to the spectral norm but also with respect to the original norm of the algebra A.
The maximal ideal space of A |X 1 ∪X 2 is equal to X 1 ∪ X 2 since any linear and multiplicative functional on A |X 1 ∪X 2 gives a functional on A as well.
Part 4. Fix x 0 ∈ X 3 and let
, f 4 (x) can be seen as linearly independent vectors in H R 4 , so there are unique real-valued functions h p defined on U 0 such that
Let x ∈ U 0 and let x = T • x be another point of π −1 (π (x)), where T ∈ M. By the definition of C H (X, Φ) we have
Hence the functions h p , p = 1, 2, 3, 4 are constant on sets of the form π −1 (π (x)) and consequently can be naturally extended to V 0 ; furthermore, they can be extended to the entire set X by assigning value zero outside V 0 . Since the coefficients with respect to a fixed basis in R 4 are continuous functions of a vector in R 4 , the functions h p , p = 1, 2, 3, 4 belong to A R ⊂ A. Hence g 0 ∈ A.
We proved that for any point x 0 in X there is a neighborhood
be an open cover of X consisting of such sets. Since A is separable and X 3 is a subset of its dual space equipped with the weak * topology, X 3 is metrizable and consequently paracompact. Let s∈S α s = 1 be a locally finite partition of unity in C R (X 3 ) subordinated to the cover π (U s ) , s ∈ S of X 0 ( [4] , page 375). For any g ∈ C H (X, Φ) such that g (x) = 0 for
Part 6. Put I = {a ∈ A :â (x) = 0 for x ∈ X 1 ∪ X 2 } and let B = A/I be the quotient algebra. Notice that B is a commutative Banach algebra with M (B) = X 1 ∪ X 2 . Assume there is a + I ∈ B such that a + I = a > 2 and â ≤ 1. By Part 3 we may assume that â = â |X 1 ∪X 2 . Suppose that a 2 + I < 1 so that there is g ∈ I with a 2 + g < 1. By Part 3 again we may assume thatâ 2 +ĝ is smaller than 1 on X and consequently g = ĝ < 2. We have
which is impossible. The above proves that
So B is isomorphic with a complete uniform algebra which must be equal tô A |X 1 ∪X 2 ; by the same arguments as at the end of Part 3 we conclude that ∧ is in fact an isometry. Part 7. This is an obvious consequence of Part 5 since We do not assume here that A contains all constant functions; if we assume that the constant functions i, j, k are in A, then the above version of the StoneWeierstrass Theorem easily follows from the following fact:
For a fully noncommutative real uniform algebra A, its maximal ideal space M H (A) consists of disjoint copies of M and is locally homeomorphic with a Cartesian product of M with another set. Quite often we also have a global decomposition: M H (A) = Y × M. However, such a global decomposition cannot always be achieved, not even its analog in the commutative case. In the commutative case when A ⊂ C C (X, τ ) and we can divide X into three parts X 1 , X 2 , and X 3 such that A |X 1 is a complex algebra, A |X 2 consists of complex conjugates of the functions from A |X 1 , and A |X 3 is equal to C R (X 3 ) . It is easy to select X 3 = {x ∈ X : τ (x) = x} ; we may also easily select one point from each equivalence class x 1 ∼ x 2 iff τ (x 1 ) = x 2 to get X 1 and we can form X 2 from the remaining points. However we may not be able to make the sets X 1 , X 2 closed, so A |X 1 , A |X 2 may not be uniform algebras; see for example A = f ∈ C C S 1 : f e it = f e i(t+π) for 0 ≤ t ≤ π where S 1 is a unit circle. This is the reason we represent a real commutative uniform algebra as a subalgebra of C C (X, τ ) rather than, what may seem more appealing, a direct sum of A |X 1 , A |X 2 , and A |X 3 . We proved that the algebra H has the following property: Any subalgebra A of C H (X) = C R (X) ⊗ H that strongly separates the points of X and such that {f (x) : x ∈ X} = H for all x ∈ X is equal to C H (X). We also know (Stone-Weierstrass Theorem) that the algebra R has the same property. It would be interesting to find other algebras with the same property.
